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Hamilton—Jacobi Quantization of Singular
Lagrangians with Linear Velocities
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In this paper, constrained Hamiltonian systems with linear velocities are investigated
by using the Hamilton—Jacobi method. The integrablity conditions are considered on
the equations of motion and the action function as well in order to obtain the path
integral quantization of singular Lagrangians with linear velocities.
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1. INTRODUCTION

The study of singular Lagrangian with linear velocity has been dealt within
the last 50 years by Dirac’s Hamiltonian formulism (Dirac, 1964, 1950). In this
formalism Dirac showed that the algebra of Poisson brackets determines a divi-
sion of constraints into two classes: The so-called the first-class and the second-
class constraints. The first-class constraints are those that have zero Poisson
brackets with all other constraints in the subspace of phase space in which con-
straints hold; constraints which are not first-class are by definition second-class.
Also in his method, the Poisson brackets in a second class constraints systems
are converted into Dirac brackets to attain self-consistency. However, wherever
we adopt the Dirac method, we frequently meet the problem of the operating or-
dering ambiguity. Besides, the presence of first class constraints in such theories
requires care when applying Dirac’s method, since the first class constraints are
the generators of gauge transformations which lead to the gauge freedom. In other
words, the equations of motion are still degenerate and depend on the functional
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arbitraries, one has to impose external gauge fixing constraint for each first class
constraint which is not always an easy task.

Recently, Giiler (1987, 1989, 1992a,b) have proposed an alternating ap-
proach to constrained systems that avoids the separations of constraints into first
and second class and the use of weak and strong equations. This new method of
analysis has been successfully used by many authors (Muslih and Giiler, 1995,
1998; Rabei and Giiler, 1992; Muslih, 2003a; Muslih et al., 2003) and is by
now a standard technique to deal with constrained system. Besides, the canonical
path integral method based on the Hamilton—Jacobi method have been initiated in
(Muslih, 2000a,b,c,d, 2002a,b, 2003b, 2004a; Muslih et al., 2000) to obtain that
path integral quantization as an integration over the canonical phase space coordi-
nate without any need to use any gauge fixing conditions (Muslih and Giiler, 1995,
1998; Rabei and Giiler, 1992) as well as, no need to enlarge the initial phase-space
by introducing unphysical auxiliary fields (Muslih, 2004b,c).

Some authors (Rabei et al., 2003; Baleanu and Giiler, 2000; Corichi, 1992;
Hojman and Shepley, 1990; Kulshreshtha, 1992) have investigated singular
Lagrangians with linear velocities using Dirac’s procedure. For example, using
the Lagrangian given in reference (Hojman and Shepley, 1990), there are differ-
ent approaches that give different results. Besides, in Baleanu and Giiler (2000)
the authors have investigated singular Lagrangian with linear velocities without
considering the integrability condition on the action function. On the other hand in
reference (Rabei et al., 2003), the authors have investigated singular Lagrangian
with linear velocities by using the Hamilton—Jacobi method and obtained the in-
tegrable action directly without considering the total variation of constraints.

In this paper, we shall consider integrability condition on the equations of
motions and the action function as well in order to obtain the path integral quan-
tization of singular Lagrangian with linear velocities.

2. THE HAMILTON-JACOBI METHOD

In this section, we shall briefly review the Hamiltonian formulation of con-
strained systems (Giler, 1987, 1989, 1992a,b). The starting point of this method

is to consider the Lagrangian L = L(g;, ¢;,t), i = 1, ..., n, with the Hessian
matrix
A oL =1 (1)
ij = N . 9 lv ]: 7-~~1n»
704,04,

of rank (n — r), r < n. Then r momenta are dependent. The generalized momenta
p; corresponding to the generalized coordinates g; are defined as

oL
= 9.

Pa a=1,2,...,n—r, (2)
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aL
puza, u=n—r+1,...,n, 3)
where ¢; are divided into two sets, g, and x,,. Since the rank of the Hessian matrix
is (n — r), one can solve Eq. (2) for ¢, as
Ga = 4a(qi, Xy, Pas 1) “)
Substituting Eq. (4) into Eq. (3), we get
Pu = —Hu(gi, Xy, pas ). )
The canonical Hamiltonian H,, reads
Ho = pada + puXulp,=—n, — L(t,qi, X, 4a), @, v=n—r+1,....n. (6)

The set of Hamilton—Jacobi partial differential equations (HJPDE) is expressed as
(Giiler, 1987, 1989, 1992a,b)

, 9S 0S8
H,(xg,90, —, — ) =0, o, =0,n—r+1,...,n, @)
0q, 0xy4
where
, 0S8
H'y = po + Hy, po= - 3
08

H,=p,+H. p.= ©)

9,
we define pg = 9S5[qq; xo1/9xp and p, = 0S[qa; x1/9g, With xo =t and S be-
ing the action. The equations of motion are obtained as total differential equations
in many variables as follows (Giiler, 1987, 1989, 1992a,b):

’ ’

JdH, J0H,
dCIa = adxots dpa = - ad-xav (10)
OPa 9qa
dpg = 8H‘;‘d (11)
pﬂ - axﬁ xou
dH,
dZ = _Ha + Da = d-xav (12)
dPa

where z = S(xq;q,). The analysis of a constrained system is reduced to solve
equations (10) with constraints H(; = 0. Variation of constraints (7) consider-
ing equations (10) may vanish identically or give rise to new constraints. In the
case of new constraints we should consider their variations also. Repeating this
procedure, one may obtain a set of constraints such that all the variations van-
ish. Simultaneous solutions of canonical equations with all these constraints pro-
vide the solution of a singular system. In fact, in references (Muslih and Giiler,
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1995, 1998; Rabei and Giller, 1992), the integrability conditions for Egs. (10) and
(11) are discussed without considering the integrability conditions of the action
function.

3. INTEGRATION OF TOTAL DIFFERENTIAL EQUATIONS

As was clarified, that Eqs. (10)—(12) are obtained as total differential equa-
tions in many variables, which require the investigation of integrability conditions.
To achieve this goal, we define the linear operators X, that correspond to the total
differential Eqs. (6) and (7) as

af OH, df OH, df

Xo ftg, Gas Pa-2) = — N
af(ﬁ qa> Pas 2) Oty + 0pa 0qq 994 9pa
dH, df
—|—(—Ha+pa )_’
op, 0z
, of
ﬂ%ﬂ_l%, (13)
0z

o,B=0n—r+1,....,n,a=1,...,n—r,

where the commutator [, ] is the square bracket (for details, see Section 7).
Lemma. A system of total differential equations (10)—(12) is integrable if
and only if

{H, Hg} =0, VYa, B, (14)

where the commutator {,} is the Poisson bracket (for details see references
Muslih, 2003a, 2004a,b,c).

Equation (14) are the necessary and sufficient conditions that the system
(10)—(12) of total differential equations be integrable.

If the set of Egs. (10)—(12) is integrable, then one can obtain the canonical
action function (12) in terms of the canonical coordinates. In this case, the path
integral representation may be written as (Muslih, 2000a,b,c,d, 2002a,b, 2003b,
2004a; Muslih et al., 2000)

q,
V(g oot 0 qas ta) =/ Dq“ Dp*
qa

e dH,
X expi —Hy + pqg dty ¢,
ty 0pa

a=1,....n—r, a=0n—-r+1,...,n. (15)
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4. THE MODEL

In this section, we would like to investigate singular systems with linear
Lagrangians using the Hamilton—Jacobi method (Giiler, 1987, 1989, 1992a,b;
Muslih, 2003b, 2003c), in order to obtain the path integral quantization for these
systems. Let us consider the following linear Lagrangian (Rabei et al., 2003;
Baleanu and Giiler, 2000)

L = ai(q;)4i — V(g;), (16)

where a;(q) and V (g) are continuous functions of g;.
The generalized canonical momentum corresponding to this Lagrangian are
given by

oL
pi = — =ai(q) = —H;. )
94;
The primary constraints are
Hi, = pi —a;. (18)

The canonical Hamiltonian Hj is given by:

Hy = pigi — L = V(q). 19)

The corresponding HIPDEs are
Hy = po+ Ho = po+ V(g) =0, (20)
H; = pi+ H; = pi —ai(q) = 0. @1

The equations of motion are obtained as total differential equations follows:

aHO 8H]
dqg; = 3 —dt + —dq] = dq;, (22)
Di opi
aH oH v da;
dp; = ——2dt — —’d q;=— 2 a’(")dq, (23)
9q; 9q; 9g; 0g;

To check whether the set of Eqs. (22) and (23) are integrable or not, let us consider
the total variation of (21). In fact

dH, =dp; —dai(q) =0
aV(g) da;j(q)

- dt dq; —da; 24
0g; + 9g; 4 @ ey
So, we have
da; da: aVv
@)y, 6@, V@, (25)
3g; 3g; dqi
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or
g =—f7' =L, (26)
where the anti-symmetric matrix f;; is given by

_ da;(q)  9a;(q)
fij = - —.
g 9g;

Making use of (12), (20) and (21), we can write the canonical action integral as

27)

S = /aidqi —fV(q))dt. (28)

In order to obtain the path integral quantization for the model (16), we follow
the Faddeev, Jackiw method (Jackiw, 1993) for the case that the inverse of the
matrix f;; exists. In this case the path integral ¥ is given by

v = /HD(,],- det%fjk s,
i=1

_ / [[Da: det? £ eV daf Vi, (29)
i=1
The integrable action can be obtained using the Hamilton—Jacobi method. In
fact
[ d@ar =g = [ ada+ [ ada: (30)
So
1 1
S = saigi = 5 f lg;da; — aidg; +2V (q) dt]. 31)

Making use of (24) and (30), the action function becomes

1 1 A% da;
S=-aq — - W —qi— \dt + [ Lq; —a; )dg;|. (32
2% 2/[( "’aq,-> +<aql»"<’ “) "} 32

Now, assuming that the functions a;(¢;) and V(g,) satisfy the following condi-
tions

v oV Baj
=7 4 a; = _—4j,
9q; 4 9gi 9
we obtain the integrable action as follows:
1
S = -a;q; +c, 33)

2
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where c is some constant.
Hence, the path integral quantization (29) can be put in the form

v = / [[Da det? fii oo, (34)

i=1

5. AN EXAMPLE

As an example, let us consider the following linear (singular) Lagrangian
(Rabei et al., 2003)

L =(q2+q3) 41 +q4q3 — V(q), (35)

where the potential V(q) is given by

Vig) = —% (4i — 24293 — 43) - (36)
The functions a;(i = 1, 2, 3, 4) are
aa=q@+q, a=0, a3=gqs, as=0. 37)
Using (17), the generalized momenta corresponding to this Lagrangian are:
pr=ai(q) =q+q3=—Hy,
pp=a=0=—-H,
p3=az=qs=—Hj,
ps=a4 =0=—H,y.
The primary constraints are given as
Ho=p —qx—qs. Hy=p», Hy=ps+q. Hy=ps. (38)

Equation (19) gives the canonical Hamiltonian Hj as

H:V():—l(z—Q - q3). (39)
0 q 5 \94 — <4293 — 43

Now making use of (23), the equations of motion read as

dp1 =0, (40)
dpy, = —g3dt +dq, (41)
dps = —(q2 +¢3)dt + dqu, (42)

dpy = q4 dt + dgs. (43)
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The matrix f;; defined in (27) is given by

0 1 0
-1 0 00
=110 01 @
00 -1 0
The S-action function is calculated as
S = % [(g2 + g3)q1 + qaq3] +c. (45)

Making use of (34) and (45), the path integral for the model is calculated as

v = / dqidqadqsdgae’ 2@ T 000 (46)

6. CONCLUSION

In this work, we have investigated constrained systems using the Hamilton—
Jacobi method for Lagrangians with linear velocities. The equations of motion
are obtained from the integrability conditions. Besides the integrable action (33)
is obtained from the integrability conditions, which leads us to obtain the path
integral quantization (34) by using the Faddeev, Jackiw method (Jackiw, 1993)
directly as an integration over the independent dynamical variables.

7. SQUARE BRACKETS AND POISSON BRACKETS

In this appendix, we shall give a brief review on two kinds of commutators:
the square and the Poisson brackets.
The square bracket is defined as

[F.G] _0F0G 9GIF n oF oG G oF a7
? qi>Pi-z — 8[71' BCIi api 3‘]1‘ 8171‘ Di Bz 3pi Pi az .
The Poisson bracket is defined as

(f, g) _ 9f 9 98 df (48)
TORPE T 9p; 0q;  Opi 0q;i

According to above definitions, the following relation holds

[H,. Hyl = (H,, Hy}. (49)
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